We prove that if a root group of a special Moufang set contains an element of order p ≡ 1 (mod 4) then it is abelian.
Introduction
Moufang sets were introduced by J. Tits [11] as a tool for studying algebraic groups of relative rank one. They are essentially equivalent to split BN-pairs of rank one, and to Timmesfeld's abstract rank one groups (see [10] ).
Let us recall that a Moufang set is a doubly transitive permutation group such that the point stabilizer contains a normal subgroup which is regular on the remaining points. These regular normal subgroups are called the root groups and they are assumed to be conjugate and to generate the whole group. In [1, 2, 4 ] the notation M(U, τ ) is used for a Moufang set (and this notation is of course explained there). The group U in this notation is isomorphic to any one of the root groups of the Moufang set. Note that as in the references cited above, we use additive notation for U , though U is not assumed to be abelian.
Recall that M(U, τ ) is special iff, (−a)τ = −(aτ ), for all a ∈ U * := U {0}. This paper makes a contribution to the following conjecture.
Abelian root groups conjecture. Let M(U, τ ) be a special Moufang set. Then U is abelian.
Thus the conjecture asserts that special Moufang sets have abelian root groups. In [8] we proved the converse: that proper (i.e. not sharply 2-transitive) Moufang sets with abelian root groups are special. We prove Theorem A. Let M(U, τ ) be a special Moufang set. Suppose there exists a ∈ U * whose order is p ≡ 1 (mod 4). Then U is abelian.
In [3, Section 5] it is shown that if U * contains involutions (i.e. elements of order 2), then U is a group of exponent 2 (and hence abelian). Thus since a ∈ U * has order p ≡ 1 (mod 4), [1, Proposition 4.6] implies that U is a uniquely 2-divisible group. Section 2 deals with such groups, in fact what we need is information on regular automorphisms of order 2 and 4 of such groups. Several of the results of Section 2 are taken from [6] , but we add a little more.
Regular automorphisms of order 4 acting on uniquely 2-divisible groups
In this section U is a uniquely 2-divisible group. This means that each element in U has a unique square root. We use additive notation for U although we do not assume that U is abelian. The unique square root of an element x ∈ U * := U {0} is thus denoted x · 1 2 . Also, for n ∈ Z we write x · n for the nth power of x. We will use the usual notation x y = −y + x + y and [x, y] = −x −y +x +y. Notice however that x −y denotes y +x −y and not −y −x +y = (−x) y . Here are a few more words of caution. Notice that 0 is the neutral element of U , so for x, y ∈ U * , [x, y] = 0 indicates that x and y commute, and that the conjugation u 0 = u, for u ∈ U (of course u · 0 = 0).
We let η ∈ Aut(U ) be a regular automorphism of order 4. Regular means that the implication yη = y ⇒ y = 0 holds for all y ∈ U (i.e. η is a fixed point free automorphism). Notice though that our assertions in this section with regards to automorphisms of order 2, as well as Proposition 2.3(1), do not rely on the existence of η. For any automorphism ν of U of order 2 we let
We let S * ν := S ν {0}, T := T η 2 and S := S η 2 .
The following lemma comes from [6, (3.3) and (3.4), p. 281].
Lemma 2.1. Let ν ∈ Aut(U ) have order 2. Then
(1) each element x ∈ U can be written uniquely as a sum x = t + s, with t ∈ T ν and s ∈ S ν ; in particular, (2) each element of U can be written uniquely as a sum x = t + s, with t ∈ T and s ∈ S; (3) if ν is regular, then ν inverts U so U is abelian; thus, (4) T is abelian and η inverts T (i.e. tη = −t, for all t ∈ T ).
Proof.
(1) Let x ∈ U * and suppose x = t + s, with t ∈ T ν and s ∈ S ν . Then
so t is uniquely determined by x and then s = −t + x is also uniquely determined by x.
Let now x ∈ U * be arbitrary. Then (3.5) in [6] , p. 281.)
(1) If ν ∈ Aut(U ) has order 2, then s t ∈ S ν , for all t ∈ T ν and s ∈ S ν ; (2) S is a normal subgroup of U and U/ S is abelian.
(1) Let t ∈ T ν and s ∈ S ν , then (s t )ν = (sν) tν = (−s) t = −(s t ), and (1) holds.
(2) Set N := S . By Lemma 2.1(2), U = T + N . By (1), T normalizes N , so N P U . Then, since by Lemma 2.1(4) T is abelian, U/N is abelian. 2
The following proposition generalizes some of the results in [6, (5.1), p. 287].
Proposition 2.3.
(1) Let ν be any regular automorphism of U . Suppose x, y ∈ U satisfy: xν = x (−y+yν) . Then
Proof. (1) We have (x −y )ν = x −y , so since ν is regular it follows that x −y = 0 and then also x = 0.
(2) By Lemma 2.1(4) we have
so (2) follows from (1) with η in place of ν and [s t , sη] in place of x. (3) Set x := −s + sη, and write x = −t − u with t ∈ T and u ∈ S. By (2), [u t , uη] = 0. Now
Hence uη commutes with s · 2, and since U is uniquely 2-divisible, uη commutes with s. Thus −u = (uη)η commutes with sη, and we see that u commutes with sη.
Notice that since sη and u commute, sη + u ∈ S. Set v := sη + u. Then −t = −s + v and hence
It follows that −s · 2 = −v · 2, so by unique 2-divisibility, s = v and t = 0. It follows that −s + sη = −u and since
The proof of Theorem A
Throughout this section p is a prime such that p ≡ 1 (mod 4). We let M(U, τ ) be a special Moufang set and we assume that a ∈ U * is an element of order p. By [3, Section 5] and [1, Proposition 4.6], U is a uniquely 2-divisible group. Our goal is to show that U is abelian. So assume toward contradiction that U is not abelian.
We now briefly recall several facts about special Moufang sets. We always denote X := U ∪ {∞} and by G the little projective group of M(U, τ ). The letter H is reserved for H := G 0,∞ , and recall that H Aut(U ). Recall from [1, Proposition 3.9] that for all x, y ∈ U * and h ∈ H,
and xμ x = −x.
(3.1)
Here are some useful properties of U . By [1, Proposition 4.6] for every element x ∈ U * either |x| = q, where q is an odd prime which depends on x, or |x| = ∞, where |x| is the order of x. Furthermore, by [3, Proposition 5.3] , C U (x) is a group of exponent q in the first case and C U (x) is a uniquely divisible torsion free group in the second case. In particular, if C U (x) is abelian, then C U (x) is a vector space over F q or Q respectively. We use the following observation which follows from [1, Proposition 4.10]:
Indeed let |x| = q and in [1, Proposition 4.10(3)] take k to be a generator of the multiplicative group F * q . Then k is a nonsquare in F * q . Now in the notation of [1, Proposition 4.10 (3)], take such that k = −1 (in F * q ) and take = 0, so that N = −1. Then parts (3) and (5) We can now conclude that Lemma 3.4.
(1) η ∈ Aut(U ) is a regular automorphism of order 4; (2) each element x ∈ U * can be written uniquely in the form x = t + s, with t ∈ T and s ∈ S; (3) U = S .
Proof. Part (1) follows from Lemma 3.3(3)
. Part (2) follows from Lemma 2.1 (2) . By [9] , U is characteristically simple, so in particular [U, U ] = U . Hence part (3) follows from Lemma 2.2(2). 2
Proposition 3.5. Let s ∈ S * . Suppose that |s| = p, then (1) C U (s) is abelian, so C U (s) is a vector space, and C U (s) is inverted by μ
Proof. (1) Since sμ 2 a = −s, it follows that μ 2 a acts on C U (s). Notice that C U (s) is a uniquely 2-divisible group. We show that C C U (s) (μ 2 a ) = 0, then by Lemma 2.1(3) part (1) will hold. Let 0 = x ∈ C C U (s) (μ 2 a ), then x ∈ T , so |x| = p and x ∈ C U (s), so |x| = |s|, a contradiction. (2) Let x ∈ C U (s). Then by (1), x ∈ S and since |x| = |s| we can apply (1) with x in place of s to get that C U (x) is abelian. Hence (2) (1) Let s ∈ S and assume that |s| = p and that T a = a and So assume that |s| = p. Then, by Proposition 3.5(3), a normalizes C U (s), so in particular y · p ∈ C U (s). But by Proposition 3.5(1), μ 2 a inverts C U (s), so μ 2 a inverts y · p. But if y · p = 0 then by [1, Proposition 4.6(1)], y ∈ S. Since we are assuming that y / ∈ S, we conclude that y · p = 0.
(3) Assume there exists y ∈ U * with |y| = p. Then, by (2), y ∈ S. Let s ∈ S. Since |y s | = |y| we can apply (2) again to conclude that y s ∈ S, so
It follows that s · 2 and hence s commutes with y. Thus S C U (y). But by Lemma 3.4(3), U = S , so y ∈ Z(U ). Since U is characteristically simple we get that U is abelian, a contradiction.
(4) By (3), U is a p-group. Let v ∈ S. Then, by Lemma 3.6(4), vη = v · i for some i ∈ { √ −1, − √ −1}. Also for each s ∈ S we have sη ∈ {s · i, −s · i}. Now v a ∈ S by Lemma 2.
so a · 2 inverts v which is impossible since |a · 2| = p is odd.
Hence a centralizes each element v ∈ S so a ∈ Z(U ) and since U is characteristically simple, U is abelian. 2
As a corollary we get Proposition 3.8. There exists x ∈ U * such that |x| = p and T x = x . Hence we may (and we will) assume that T = a .
Proof. This follows since we are assuming that U is not abelian and by Proposition 3.7(4). 2
We now need the following well-known result: 
Proof.
Let s ∈ S * and assume that |s| = p. By Proposition 3.5(3), T normalizes C U (s). Let E T be a subgroup of order p 2 . The existence of E follows from Proposition 3.8 and Lemma 3.2 (2) .
Of course E is elementary abelian. Since E acts on C U (s), Lemma 3.9 together with Proposition 3.5(1), implies that there exists w ∈ C U (s) * and e ∈ E * such that [w, e] = 0. But then |s| = |w| = |e| = p, a contradiction. 2 Lemma 3.11. Let s ∈ S * , so that by Proposition 3.10, |s| = p. Assume that sη = s · i for some
Proof. (1) Notice first that for each h ∈ H and x ∈ U * we have
Since s a ∈ S, Lemma 3.6(3) implies that (T s a )η = T s a . On the other hand, by (3.3),
where the last equality follows from the fact that μ 2 Notice that η ∈ Aut(T s ) is an operator of order 4 and that 1 and −1 are not eigenvalues of η. The fact that 1 is not an eigenvalue follows from the fact that η is regular on U and the fact that −1 is not an eigenvalue of η follows from the fact that η 2 = μ 2 a inverts T s (see Lemma 3.6(2)). Hence i and −i are the only eigenvalues of η and the claim holds.
Notice that by Lemma 3. 
